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Abstract
In this paper, φ concave-(−ψ) convex operators are introduced and some new existence and
uniqueness theorems of fixed points of mixed monotone operators with such concavity and convexity
are obtained. Moreover, some applications to nonlinear integral equations on bounded or unbounded
regions are given.
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1. Introduction and preliminaries
It is well known that concave (convex) operators are a class of important operators,
which are extensively used in nonlinear differential and integral equations (see [1–7]). Re-
cently, some authors focused on mixed monotone operators with certain concavity and
convexity (see [3–7]). But up to now, we have not found any general method to cope with
such class of operators together. In this paper, we introduce φ concave-(−ψ) convex opera-
tors to solve this problem and obtain the existence and uniqueness theorems of fixed points
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new fixed-point theorems for a class of monotone operators are obtained. As applications,
we discuss a class of Hammerstain integral equations on bounded or unbounded regions
and give the new condition for determining the unique solution to each of the equations.
Some definitions, notations and known results are from Refs. [1,2]. Let E be a real
Banach space. A nonempty convex closed set P is called a cone if it satisfies the following
conditions:
(i) x ∈ P , λ 0 implies λx ∈ P ;
(ii) x ∈ P and −x ∈ P implies x = θ , where θ denotes the zero element of E.
Let E be partially ordered by a cone P of E, i.e., x  y if and only if y − x ∈ P for any
x, y ∈ E. Recall that cone P is said to be solid if the interior ˚P is nonempty, and P is said
to be normal if there exists a positive constant M such that θ  x  y (x, y ∈ E) implies
‖x‖M‖y‖, where M is the normal constant of P . Let D ⊂ E. An operator A :D×D →
E is said to be mixed monotone if A(x,y) is nondecreasing in x and nonincreasing in y ,
i.e., ∀xi, yi ∈ D (i = 1,2), x1  x2 and y2  y1 imply A(x1, y1) A(x2, y2). An element
x∗ ∈ D is called a fixed point of A if it satisfies A(x∗, x∗) = x∗. A :D ⊂ E → E is said to
be convex if for x, y ∈ D with x  y and each t ∈ [0,1] we have
A
(
tx + (1 − ty)) tAx + (1 − t)Ay;
A is said to be concave if −A is convex.
Let h > θ , write Ph = {x ∈ E | ∃λ,µ > 0, such that λh x  µh}.
Let e > θ . An operator A :P → P is said to be e-concave, if it satisfies the following
two conditions:
(i) A is e-positive, i.e., A(P − {θ}) ⊂ Pe;
(ii) ∀x ∈ Pe , ∀0 < t < 1, ∃η = η(t, x) > 0 such that
A(tx) (1 + η)tAx,
where η = η(t, x) is called the characteristic function of A.
Let u0, v0 ∈ E with u0  v0. Write
[u0, v0] = {x ∈ E | u0  x  v0},
where [u0, v0] is called an ordering interval.
Definition 1.1. Let E be a real Banach space and P be a cone or a solid cone of E. Suppose
D = P or D = ˚P and α is a real number with 0 α < 1. An operator A : D → D is said
to be α-concave ((−α)-convex) if it satisfies
A(tx) tαAx
(
A(tx) t−αAx
)
, ∀t ∈ (0,1), ∀x ∈ D.
Notice that the definition of an α-concave ((−α)-convex) operator mentioned above is
different from that in [2], because we need not require the cone be solid in general cases.
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φ concave-(−ψ) convex, if there exist a function φ : (0,1] × D → (0,∞) and a function
ψ : (0,1] × D → (0,∞) such that (t, x) ∈ (0,1] × D implies t < φ(t, x)ψ(t, x) 1, and
also A satisfies the following two conditions:
(H1) A(tx, y) φ(t, x)A(x, y), ∀t ∈ (0,1), ∀(x, y) ∈ D × D;
(H2) A(x, ty) 1ψ(t,y)A(x, y), ∀t ∈ (0,1), ∀(x, y) ∈ D × D.
A :D × D → E is called a φ concave-(−ψ) convex mixed monotone operator, if and only
if A is both φ concave-(−ψ) convex and mixed monotone.
2. Fixed-point theorems
Theorem 2.1. Let E be a real Banach space and P be a normal cone of E. Let u0, v0 ∈ E
with u0  v0 and A : [u0, v0]×[u0, v0] → E be a φ concave-(−ψ) convex mixed monotone
operator. Suppose that
(i) there exists a real positive number r0, such that u0  r0v0;
(ii) u0 and v0 are such that
u0 A(u0, v0), A(v0, u0) v0; (2.1)
(iii) there exists an element w0 ∈ [u0, v0], such that
φ(t, x)ψ(t, x) φ(t,w0)ψ(t,w0), ∀(t, x) ∈ (0,1)× [u0, v0],
and
lim
s→t−φ(s,w0)ψ(s,w0) > t, ∀t ∈ (0,1).
Then A has exactly one fixed point x∗ in [u0, v0], and constructing successively the se-
quences
xn = A(xn−1, yn−1), yn = A(yn−1, xn−1), n = 1,2, . . . , (2.2)
for any initial (x0, y0) ∈ [u0, v0] × [u0, v0], we have xn → x∗, yn → x∗ (n → ∞).
Proof. First, let us show the existence of the fixed point and the convergence of the suc-
cessive sequences. Set
un = A(un−1, vn−1), vn = A(vn−1, un−1), n = 1,2, . . . . (2.3)
It is easy to show that
u0  u1  u2  · · · un  · · · vn  · · · v2  v1  v0.
From the hypothesis (i) we get 0 < r0  1. Without loss of generality, suppose 0 < r0 < 1,
then by (i) and the fact that A is a φ concave-(−ψ) convex mixed monotone operator, we
have
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v1 = A(v0, u0)A(v0, r0v0) 1
ψ(r0, v0)
A(v0, v0). (2.5)
By (2.4) and (2.5), we get u1  r1v1, where r1 = φ(r0, v0)ψ(r0, v0). It is not difficult to
see by induction that
un  rnvn, n = 1,2, . . . , (2.6)
where
rn = φ(rn−1, vn−1)ψ(rn−1, vn−1), n = 1,2, . . . . (2.7)
Obviously the sequence {rn} is strictly increasing with {rn} ⊂ (0,1]. Suppose rn → r
(n → ∞), then r = 1. Otherwise we have 0 < r < 1. Thus by (iii) and (2.7), we have
rn = φ(rn−1, vn−1)ψ(rn−1, vn−1) φ(rn−1,w0)ψ(rn−1,w0). (2.8)
Let n → ∞ in (2.8), we get
r  lim
s→r−φ(s,w0)ψ(s,w0) > r, (2.9)
which is a contradiction. Hence, we have r = 1. Therefore, ∀n,p  1, we get
θ  vn − un  vn − rnvn = (1 − rn)vn  (1 − rn)v0
and
θ  un+p − un  vn − un, θ  vn − vn+p  vn − un.
Thus by the normality of P , it is easy to see that vn − un → 0 (n → ∞), and hence
{un}, {vn} are Cauchy sequences in E. Therefore, there exist u∗, v∗ ∈ E, such that
un → u∗, vn → v∗ (n → ∞) and u∗ = v∗. Write x∗ = u∗ = v∗. By (2.2) and the fact
that A is mixed monotone, we can induce that
un  xn  vn, un  yn  vn, n = 0,1,2, . . . . (2.10)
Let n → ∞ in (2.10), we get xn → x∗ (n → ∞), yn → x∗ (n → ∞) and un  x∗  vn,
n = 0,1,2, . . . .
Now we show that A(x∗, x∗) = x∗. It is easy to see that
A(x∗, x∗)A(un, vn) = un+1 → x∗
and so A(x∗, x∗) x∗. On the other hand, we have
A(x∗, x∗)A(vn,un) = vn+1 → x∗,
so we obtain A(x∗, x∗) x∗. Hence A(x∗, x∗) = x∗.
Finally, we show the uniqueness of the fixed point. Suppose that there exists x ∈ [u0, v0]
such that A(x,x) = x . Since A is mixed monotone, we have
A(u0, v0)A(x,x)A(v0, u0),
i.e., u1  x  v1. By induction we see
un  x  vn, ∀n 1.
which implies by taking the limit that x = x∗. Therefore, the conclusions of Theorem 2.1
hold.
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(iii′) φ(t, x)ψ(t, x) is nonincreasing (nondecreasing) in x , and is continuous from left in t ,
and the other conditions are unchangeable, then the conclusions of Theorem 2.1 are also
true.
Now we use Theorem 2.1 to obtain a series of new fixed-point theorems for mixed
monotone operators with certain concavity and convexity, without considering whether
such concavity and convexity of the operator are in the same category or not.
Theorem 2.2. Let P be a normal cone of the real Banach space E, and A :P ×P → P be
a mixed monotone operator; suppose that
(i) for fixed y , A(·, y) :P → P is concave; for fixed x , A(x, ·) :P → P is (−α)-convex;
(ii) there exist u0, v0 ∈ P with u0  v0 and a real number ε with ε  α such that
u0 A(u0, v0), A(v0, u0) v0 (2.11)
and
A(θ, v0) εA(v0, u0). (2.12)
Then A has exactly one fixed point x∗ in [u0, v0], and constructing successively the se-
quences
xn = A(xn−1, yn−1), yn = A(yn−1, xn−1), n = 1,2, . . . , (2.2)
for any initial (x0, y0) ∈ [u0, v0] × [u0, v0], we have xn → x∗, yn → x∗ (n → ∞).
Proof. Set
un = A(un−1, vn−1), vn = A(vn−1, un−1), n = 1,2, . . . . (2.13)
It is easy to show that
u0  u1  u2  · · · un  · · · vn  · · · v2  v1  v0. (2.14)
By (2.12) we get u1  εv1, so 0 < ε  1. Now let us prove that A : [u1, v1]× [u1, v1] →
E is a φ concave-(−ψ) convex operator. It suffices to show A : [u0, v0] × [u0, v0] → E is
a φ concave-(−ψ) convex operator, where
φ(t, x) = t + ε(1 − t), ψ(t, y) = tα, ∀t ∈ (0,1), ∀x, y ∈ [u0, v0]. (2.15)
In fact, for each x, y ∈ [u0, v0], t ∈ (0,1), we see
A(tx, y) = A(tx + (1 − t)θ, y) tA(x, y)+ (1 − t)A(θ, y)
 tA(x, y)+ (1 − t)A(θ, v0) tA(x, y) + ε(1 − t)A(v0, u0)
 tA(x, y)+ ε(1 − t)A(x, y) = φ(t, x)A(x, y),
A(x, ty) 1
α
A(x, y) = 1 A(x,y),t ψ(t, y)
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t < φ(t, x)ψ(t, x) 1, ∀t ∈ (0,1), ∀x, y ∈ [u0, v0]. (2.16)
From
φ(t, x)ψ(t, x) = tα[t + ε(1 − t)], ∀t ∈ (0,1), ∀x, y ∈ [u0, v0], (2.17)
we know (2.16) is equivalent to
t < tα
[
t + ε(1 − t)] 1, ∀t ∈ (0,1). (2.18)
So it is sufficient to prove that (2.18) holds. Since 0 < ε  1, we see that 0 < t < 1 implies
tα[t + ε(1 − t)] 1. On the other hand, observing the function
f (t) = ε + (1 − ε)t − t1−α, ∀t ∈ [0,1],
it is easy to see that f (1) = 0, f ′(t) = (1 − ε) − (1 − α)t−α . By ε  α, 0 < t < 1, we
get f ′ < 0, so 0 < t < 1 implies f (t) > 0, and thus 1 < tα−1[t + ε(1 − t)]. That is to
say, t < tα[t + ε(1 − t)]. Hence (2.18) holds. Therefore, A : [u1, v1] × [u1, v1] → E is a
φ concave-(−ψ) convex operator. By (2.17) we know that φ(t, x)ψ(t, x) is monotone in x ,
and is continuous from left in t . So by Theorem 2.1 and Remark 2.1 we see A has exactly
one fixed point x∗ in [u1, v1]. It is easy to see that the fixed point in [u0, v0] must be in
[u1, v1]. Therefore, the conclusions of Theorem 2.2 hold. 
Similar to Theorem 2.2, the following theorem can be also obtained by using Theo-
rem 2.1, so we omit its proof.
Theorem 2.3. Let P be a normal cone of the real Banach space E, and A : P × P → P
be a mixed monotone operator; suppose that
(i) for fixed y , A(·, y) :P → P is α-concave; for fixed x , A(x, ·) :P → P is convex;
(ii) there exist u0, v0 ∈ P with u0  v0 and a real number ε with ε  1/(2 − α) such that
u0 A(u0, v0), A(v0, u0) v0 (2.19)
and
A(u0, v0) εA(v0, θ). (2.20)
Then A has exactly one fixed point x∗ in [u0, v0], and constructing successively the se-
quences
xn = A(xn−1, yn−1), yn = A(yn−1, xn−1), n = 1,2, . . . , (2.2)
for any initial (x0, y0) ∈ [u0, v0] × [u0, v0], we have xn → x∗, yn → x∗ (n → ∞).
Remark 2.1. Compared with Theorems 1 and 2 in [6], though Theorems 2.2 and 2.3 do
not truly improve the results of [6], they do produce evidence to show that Theorem 2.1
is powerful to cope with a class of mixed monotone operators with certain concavity and
convexity in a general way. In addition, Theorems 2.2 and 2.3 extend the standard definition
to Definition 1.1, which is significant since they have applications to a class of integral
equations (see Example 3.2 and Remark 3.1 in the following section).
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with u0  v0. Let A :P × P → P be a mixed monotone operator. Suppose that
(i) there exist a real number r0 > 0, such that u0  r0v0;
(ii) u0 A(u0, v0), A(v0, u0) v0;
(iii) for fixed y , A(·, y) :P → P is e-concave with its characteristic function η = η(t, x);
for fixed x , A(x, ·) :P → P is (−α)-convex.
Moreover, α and η = η(t, x) satisfy
(H1) η(t, x) is monotone in x and continuous in t from left; and
(H2) (t, x) ∈ (0,1)× [u0, v0] implies
1
tα
− 1 < η(t, x) < 1
t1+α
− 1.
Then A has exactly one fixed point x∗ in [u0, v0], and constructing successively the se-
quences
xn = A(xn−1, yn−1), yn = A(yn−1, xn−1), n = 1,2, . . . , (2.2)
for any initial (x0, y0) ∈ [u0, v0] × [u0, v0], we have xn → x∗, yn → x∗ (n → ∞).
Proof. By the hypotheses above, it is easy to see that A : [u0, v0] × [u0, v0] → P is a
φ concave-(−ψ) convex operator, where φ(t, x) = [1+η(t, x)]t,ψ(t, y)= tα , ∀t ∈ (0,1),
∀x, y ∈ [u0, v0]. Hence, by Theorem 2.1 we know that the conclusions of Theorem 2.4
hold. 
Theorem 2.5. Let P be a normal cone of the real Banach space E, e > θ and u0, v0 ∈ P
with u0  v0. Let A :P × P → P be a mixed monotone operator. Suppose that
(i) u0 A(u0, v0), A(v0, u0) v0;
(ii) for fixed y , A(·, y) :P → P is e-concave with its characteristic function η = η(t, x);
for fixed x , A(x, ·) : P → P is convex.
Moreover, the function η = η(t, x) satisfies
(H1) η(t, x) is monotone in x and continuous in t from left; and
(H2) there exists a real number ε > 0, such that A(u0, v0)  εA(v0, θ) and (t, x) ∈
(0,1)× [u0, v0] implies
(1 − t)(1 − ε)
ε
< η(t, x) 1 − t
εt
. (2.21)
Then A has exactly one fixed point x∗ in [u0, v0], and constructing successively the se-
quences
xn = A(xn−1, yn−1), yn = A(yn−1, xn−1), n = 1,2, . . . , (2.2)
for any initial (x0, y0) ∈ [u0, v0] × [u0, v0], we have xn → x∗, yn → x∗ (n → ∞).
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un = A(un−1, vn−1), vn = A(vn−1, un−1), n = 1,2, . . . . (2.22)
It is easy to show that
u0  u1  u2  · · · un  · · · vn  · · · v2  v1  v0. (2.23)
By (H2), we get u1  εv1, so 0 < ε  1. Now let us prove that A : [u1, v1] × [u1, v1] →
E is a φ concave-(−ψ) convex operator. It suffices to show A : [u0, v0] × [u0, v0] → E is
a φ concave-(−ψ) convex operator, where
φ(t, x) = [1 + η(t, x)]t, ψ(t, y) = ε
1 − (1 − ε)t ,
∀t ∈ (0,1), ∀x, y ∈ [u0, v0]. (2.24)
In fact, for each x, y ∈ [u0, v0] and t ∈ (0,1), we see
A(tx, y)
[
1 + η(t, x)]tA(x, y) = φ(t, x)A(x, y),
A(x, ty) = A(x, ty + (1 − t)θ) tA(x, y) + (1 − t)A(x, θ)
 tA(x, y)+ (1 − t)A(v0, θ) tA(x, y) + 1 − t
ε
A(u0, v0)
 tA(x, y)+ 1 − t
ε
A(x, y) = 1
ψ(t, y)
A(x, y),
where φ and ψ are the same as in (2.24). Thus by (2.21) we have t < φ(t, x)ψ(t, x) 1,
and so A : [u1, v1] × [u1, v1] → E is a φ concave-(−ψ) convex operator. Therefore, it
follows from Theorem 2.1 that the conclusions of Theorem 2.5 hold. 
Theorem 2.6. Let P be a normal cone of the real Banach space E and A :P ×P → P be
a mixed monotone operator. Suppose that
(i) for fixed y , A(·, y) :P → P is α1-concave; for fixed x , A(x, ·) :P → P is (−α2)-
convex, where 0 α1 + α2 < 1;
(ii) there exist elements u0, v0 ∈ P with u0  v0 and a real number r0 > 0, such that
u0  r0v0
and
u0 A(u0, v0), A(v0, u0) v0.
Then A has exactly one fixed point x∗ in [u0, v0], and constructing successively the se-
quences
xn = A(xn−1, yn−1), yn = A(yn−1, xn−1), n = 1,2, . . . , (2.2)
for any initial (x0, y0) ∈ [u0, v0] × [u0, v0], we have xn → x∗, yn → x∗ (n → ∞).
Proof. It is easy to see that A : [u0, v0] × [u0, v0] → E is a φ concave-(−ψ) convex oper-
ator, where
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Thus by Theorem 2.1 we easily see that the conclusions of Theorem 2.6 hold. 
Similarly, if P is a sold cone, we have
Corollary 2.1. Let P be a normal cone of the real Banach space E and A : ˚P × ˚P → ˚P
be a mixed monotone operator. Suppose that
(i) for fixed y , A(·, y) : ˚P → ˚P is α1-concave; for fixed x , A(x, ·) : ˚P → ˚P is (−α2)-
convex, where 0 α1 + α2 < 1;
(ii) there exist elements u0, v0 ∈ ˚P with u0  v0 such that
u0 A(u0, v0), A(v0, u0) v0.
Then A has exactly one fixed point x∗ in [u0, v0], and constructing successively the se-
quences
xn = A(xn−1, yn−1), yn = A(yn−1, xn−1), n = 1,2, . . . , (2.2)
for any initial (x0, y0) ∈ [u0, v0] × [u0, v0], we have xn → x∗, yn → x∗ (n → ∞).
Proof. It is easy to show that there exists a real number r0 > 0, such that u0  r0v0 since
u0, v0 ∈ ˚P , which completes the proof of Corollary 2.1 by means of Theorem 2.6. 
Obviously, Corollary 2.1 implies the following simple result.
Corollary 2.2. Let P be a normal cone of the real Banach space E and A : ˚P × ˚P → ˚P
be a mixed monotone operator. Suppose that
(i) for fixed y , A(·, y) : ˚P → ˚P is α-concave; for fixed x , A(x, ·) : ˚P → ˚P is (−α)-convex,
where 0 α < 1/2;
(ii) there exist elements u0, v0 ∈ ˚P with u0  v0 such that
u0 A(u0, v0), A(v0, u0) v0.
Then A has exactly one fixed point x∗ in [u0, v0], and constructing successively the se-
quences
xn = A(xn−1, yn−1), yn = A(yn−1, xn−1), n = 1,2, . . . , (2.2)
for any initial (x0, y0) ∈ [u0, v0] × [u0, v0], we have xn → x∗, yn → x∗ (n → ∞).
Remark 2.3. Corollary 2.2 improves Theorem 3.1 in [7], for it deletes the condition
“A(θ, v0) εA(v0, u0),” while the conclusions remain the same.
Remark 2.4. Theorem 2.6 and Corollary 2.1 cope with the mixed monotone operators
with α1-concavity and (−α2)-convexity, where α1 and α2 satisfy 0  α1 + α2 < 1. They
are quite different from Theorem 1 in [4] because the latter requires α1 = α2 while the
former do not.
654 S. Xu, B. Jia / J. Math. Anal. Appl. 295 (2004) 645–657Remark 2.5. It is an interesting thing that one uses Theorem 2.1 to investigate the mixed
monotone operators studied in [4,5], just as we do in this paper. The discussions men-
tioned above show that Theorem 2.1 offers a general method to cope with a class of mixed
monotone operators with certain concavity and convexity together.
3. Applications
In this section, we use some of the fixed-point theorems obtained above for a class of
nonlinear integral equations on bounded or unbounded regions.
Example 3.1. Consider the following nonlinear integral equation:
x(t) = (Ax)(t) =
∫
RN
K(t, s)
[
x1/2(s) + x−1/3(s)]ds. (3.1)
Conclusion 3.1. Suppose that K :RN × RN → R1 is nonnegative and continuous with
1
110

∫
RN
K(t, s) ds  1
6
. (3.2)
Then Eq. (3.1) has a unique positive solution x∗(t) satisfying 10−2  x∗(t) 1. Moreover,
constructing successively the sequences {xn(t)}∞n=1 and {yn(t)}∞n=1 with
xn(t) =
∫
RN
K(t, s)
[
x
1/2
n−1(s) + y−1/3n−1 (s)
]
ds
and
yn(t) =
∫
RN
K(t, s)
[
y
1/2
n−1(s) + x−1/3n−1 (s)
]
ds
for any initial (x0, y0) ∈ [10−2,1] × [10−2,1], we have supt∈RN |xn(t) − x∗(t)| → 0,
supt∈RN |yn(t) − x∗(t)| → 0(n → ∞).
Proof. We use Theorem 2.6 to prove Conclusion 3.1. Let E = CB(RN) denote the set
of all bounded continuous functions on RN ; we define ‖x‖ = supt∈RN |x(t)|, and then E
is a real Banach space. Let P = C+B (RN) denote the set of all nonnegative functions of
CB(R
N). Then P is a normal cone of E. Obviously Eq. (3.1) can be written in the form
x = A(x,x), where
A(x,y) = A1(x) + A2(y),
A1(x) =
∫
RN
K(t, s)x1/2(s) ds, A2(y) =
∫
RN
K(t, s)y−1/3(s) ds.
Now let us show the operator A satisfies all the conditions in Theorem 2.6. In fact,
set u0 = 10−2, v0 = 1, α1 = 1/2 and α2 = 1/3. It is easy to see that A :P × P → P is
S. Xu, B. Jia / J. Math. Anal. Appl. 295 (2004) 645–657 655a mixed monotone operator, and for fixed y , A(·, y) :P → P is α1-concave; for fixed x ,
A(x, ·) :P → P is (−α2)-convex, where 0  α1 + α2 < 1. It is obvious that u0, v0 ∈ P ,
u0 < v0 and there exists a real number ε0 > 0, such that u0  ε0v0 (in fact, in order to do
this one can take ε0 in (0,10−2]). By (3.2) we can easily get
A(u0, v0) =
∫
RN
K(t, s)(10−1 + 1) ds  10−2 = u0
and
A(v0, u0) =
∫
RN
K(t, s)(1 + 102/3) ds  1 = v0.
Therefore, we see Conclusion 3.1 holds by means of Theorem 2.6. 
Example 3.2. Considering the following nonlinear integral equation:
x(t) = (Ax)(t) =
∫
Ω
K(t, s)
[
x1/2(s) + x−1/3(s)]ds (3.3)
where Ω is a Lebesgue measurable set in RN with 0 < mesΩ < ∞ (say, Ω = [0,1]N ).
Let p  1 and denote by Lp(Ω) the space of Lebesgue measurable functions that are pth
power summable on Ω .
Conclusion 3.2. Suppose that K :Ω ×Ω → R1 is a nonnegative and Lebesgue measurable
function with
1
7 + √7 
∫
Ω
K(t, s) ds  1
1 + 3√7 for a.e. t ∈ Ω. (3.4)
Then Eq. (3.3) has a unique positive solution x∗(t) in Lp(Ω) satisfying 7−1  x∗(t)
 1 for a.e. t ∈ Ω . Moreover, constructing successively the sequences {xn(t)}∞n=1 and{yn(t)}∞n=1 with
xn(t) =
∫
Ω
K(t, s)
[
x
1/2
n−1(s) + y−1/3n−1 (s)
]
ds
and
yn(t) =
∫
Ω
K(t, s)
[
y
1/2
n−1(s) + x−1/3n−1 (s)
]
ds
for any initial (x0, y0) ∈ [7−1,1] × [7−1,1], we have∫
Ω
∣∣xn(t) − x∗(t)∣∣p dt → 0,
∫
Ω
∣∣yn(t) − x∗(t)∣∣p dt → 0 (n → ∞).
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Lp(Ω): x(t)  0, for a.e. t ∈ Ω}. It is easy to see that E is a real Banach space with
the norm ‖x‖p = (
∫
Ω |x(t)|p dt)1/p. Besides, P is a normal cone in E, but not a solid one
(see Example 1.1.3 in [2]). Obviously Eq. (3.3) can be written in the form x = A(x,x),
where
A(x,y) = A1(x) + A2(y),
A1(x) =
∫
Ω
K(t, s)x1/2(s) ds, A2(y) =
∫
Ω
K(t, s)y−1/3(s) ds.
Now we begin to show the operator A satisfies all the conditions in Theorem 2.2. In fact,
set u0 = 7−1, v0 = 1 and α = 1/3. It is easy to see that A :P ×P → P is a mixed monotone
operator, and for fixed y , A(·, y) :P → P is concave; for fixed x , A(x, ·) :P → P is (−α)-
convex. Besides, it is obvious that u0, v0 ∈ P , u0 < v0 and by (3.4) for a.e. t ∈ Ω , we
see
A(u0, v0) =
∫
Ω
K(t, s)
(√
1
7
+ 1
)
ds  7−1 = u0
and
A(v0, u0) =
∫
Ω
K(t, s)
[
1 +
(
1
7
)−1/3 ]
ds  1 = v0.
Thus, taking ε in
( 1
3 ,
1
1+ 3√7
]
, we have ε  α and for a.e. t ∈ Ω , we get
A(θ, v0) =
∫
Ω
K(t, s) ds = 1
1 + 3√7
∫
Ω
K(t, s)
[
1 +
(
1
7
)−1/3 ]
ds  εA(v0, u0).
Therefore, it follows from Theorem 2.2 that Conclusion 3.2 is true. 
Remark 3.1. As an application of Theorem 2.6, Example 3.1 does not require us to check
that the cone P is solid, but such a cone is just a solid one indeed, so we may also use
Corollary 2.1 to obtain Conclusion 3.1. However, as an application of Theorem 2.2, Exam-
ple 3.2 does delete the condition “P is a solid cone,” which shows that it is meaningful for
Theorem 2.2 to extend the standard definition to Definition 1.1.
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